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Abstract: We provide a new exponential concentration inequality for 
First Passage Percolation valid for a wide class of edge times distri- 
butions. This improves and extends a result by Benjamini, Kalai and 
Schramm [f| which gave a variance bound for Bernoulli edge times. Our 
approach is based on some functional inequalities extending the work of 
Rossignol 21 1, Falik and Samorodnitsky [9(. 



Resume: On obtient une nouvelle inegalite de concentration exponen- 
tielle pour la percolation de premier passage, valable pour une large 
classe de distributions des temps d'aretes. Ceci ameliore et etend un 
resultat de Benjamini, Kalai et Schramm [B[ qui donnait une borne sur 
la variance pour des temps d'aretes suivant une loi de Bernoulli. Notre 
approche se fonde sur des inegalites fonctionnelles etendant les travaux 
de Rossignol 21 1, Falik et Samorodnitsky 0. 
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1. Introduction 

First Passage Percolation was introduced by Hammersley and Welsh 1(| to 
model the flow of a fluid in a randomly porous material (see 12j for a recent 
account on the subject). We will consider the following model of First Passage 
Percolation in Z d , where d > 2 is an integer. Let E = E (Z d ) denote the set 
of edges in Z d . The passage time of the fluid through the edge e is denoted 
by x e and is supposed to be nonnegative. Randomness of the porosity is 
given by a product probability measure on R+. Thus, R+ is equipped with 
the measure \i = v® E , where v is a probability measure on R + according to 
which each passage time is distributed, independently from the others. If u, v 
are two vertices of Z d , the notation a : {u,v} means that a is a path with 
end points u and v. When x G Rf , d x (u, v) denotes the first passage time, or 
equivalently the distance from u to v in the metric induced by x, 

d x (u,v)= inf y^x e . 

a:{u,v} ' * 
edoi 

The study of 0^(0, nu) when n is an integer which goes to infinity is of central 
importance. Kingman's subadditive ergodic theorem implies the existence, 
for each fixed u, of a "time constant" t(u) such that: 



d x (0,nu) „_„., , 
• t(u) 



v—a.s 
> 



It is known (see Kesten 15], p. 127 and 129) that if ^({0}) is strictly smaller 
than the critical probability for Bernoulli bond percolation on Z d , then t(u) is 
positive for every u distinct from the origin. Under such an assumption, one 
can say that the random variable d x (0,nu) is located around nt(u), which 
is of order 0(|mt|), where we denote by |.| the L 1 -norm of vertices in Z d . In 
this paper, we are interested in the fluctuations of this quantity. Precisely, 
we define, for any vertex v, 

VxGM^, f v (x) = d x (0,v) . 

It is widely believed that the fluctuations of f v are of order \v | 1//3 when d = 2. 
Apart from some predictions made by physicists, this faith relies on recent 
results for related growth models 0, Until recently, the best results 



rigourously obtained for the fluctuations of f v were some moderate deviation 
estimates of order 0(|v| 1//2 ) (see 

HQ)- In 1993, Kesten (if} proved that, 
Var M (./g = 0(\v\) , 
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provided v admits a finite second order moment. If, furthermore, v admits 
a finite moment of exponential order, there exist two constants G\ and C2 
such that for any t < \v\, 

u(\f v -E(f v )\>t^\)<C 1 e-°* t . (1) 

Later, Talagrand improved the right-hand side of the above inequality to 
exp(— C*2t 2 ). In 2003, Benjamini, Kalai and Schramm [5j proved that for 
Bernoulli edge times bounded away from 0, the variance of f v is of order 
0(\v\/ log \v\), and therefore, the fluctuations are of order 0(\v\ l l 2 / (log \v I) 1 / 2 ). 

It is natural to ask whether the work of Benjamini, Kalai and Schramm 
[|| can be extended to other distributions, notably continuous distributions 
which are not bounded away from zero. This has been done in a preliminary 
version of the present paper [3| by extending the tools of [5J , namely a mod- 
ified Poincare inequality due to Talagrand. It is also natural, and even more 
desirable, to try to improve the result of Benjamini, Kalai and Schramm [ji] 
into an exponential inequality in the spirit of (pQ), with a/M/ log \v\ instead of 
y/\v\. In this article we show that some different modified Poincare inequali- 
ties arising from the context of "threshold phenomena" for Boolean functions 
(see [9l. l2l|0 may be used successfully instead of Talagrand-type inequalities 
from [4], 123J . This is the main result of this paper, stated in Theorem 15.41 
Whereas we focused on the percolation setting, the argument is fairly general 
and we present also an abstract exponential concentration result, Theorem 
14.21 which is very likely to have applications outside the setting of percolation. 

This article is organized as follows. In Section [21 we extend the modified 
Poincare inequalities of Falik and Samorodnitsky [qJ to non-Bernoulli and 
countable settings where logarithmic Sobolev inequalities are available, no- 
tably to a countable product of Gaussian measures. Section [3] is devoted to 
the obtention of similar inequalities for other continuous measures by a simple 
mean of change of variable. In section HJ we show how to deduce new general 
exponential concentration bounds from the modified Poincare inequalities of 
section [2j This allows us to obtain in section [5] an exponential version of the 
bound of Benjamini et al. in some continuous and discrete settings. 

Notation Given a probability space (X, X, //) and a real valued measurable 
function / defined on X we let 

i/p 



\f\ p d^\ G[0,oo] 



and L p (n) denote the set of / such that ||/|| PlM < 00. The mean of f & L 1 ^) 
is denoted 
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the variance of / G L 2 (/x) is 

Var,(/) = ||/-E M (/)||^, 
and the entropy of any positive measurable function / is 

Ent M(/) = / / log / dfi - J f dn log J fdfM. 

When the choice of /x is unambiguous we may write ||/|| p (respectively L p , 
E(/), Var(/) and Ent(/)) for ||/||^ (respectively Iffa), E u (f), Var^/) and 
Ent M (/)). 

2. Logarithmic Sobolev and modified Poincare inequalities on M N 



The relevance of a "modified Poincare inequality" due to Talagrand [23| in 
the context of First Passage Percolation was shown by Benjamini, Kalai and 
Schramm [^j]. Let us explain this point a little bit more. A classical Poincare 
inequality has the following form: 

Var„(/) < CS,(f) , 

where C is a constant, and is an "energy" of /, that is, usually, the 

mean against /j of the square of some kind of gradient. There is a good 
theory for this in the context of Markov semi-groups (see [H, 0] for instance). 
By "modified Poincare inequality", we mean a functional inequality which 
improves upon the classical Poincare inequality for a certain class of functions 
/. This is usually achieved through a hypercontrativity property (see 0] and 



Ledoux 19 



In this section, we will show how to build a modified Poincare inequality on 
a product of probability spaces each of which satisfies a Sobolev logarithmic 
inequality. This approach was initiated independently by Rossignol (21] , Falik 
and Samorodnitsky [9( in the Bernoulli setting. 

We shall need some notation for tensorisation. Suppose that we are given a 
countable collection of probability spaces (Xj, If i belongs to /, and 

x~ % is an element of IL e /Xj, then for every Xi in Xj, we denote by (x~ l , Xj) the 

element x of ILg/X,,-. For every function / from ITj 6 /Xj to R, every j e I, and 
every x - - 7 in IL^-Xj, we denote by f x -j the function from Xj to M obtained 
from / by keeping x~i fixed: 



Vxj e Xj, f x -i(xj) = f(x) 
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Now, suppose that we are given a collection (Ai)iei of linear subspaces, Ai C 
L 2 (Ki,fii), containing the constant functions. Then, we introduce 

A 1 = {/ G L 2 (n i6 /Xi, <8> i6 //Xi) s.t. Vj G I, f x -j G A,- for 0^ ^-a.e a;" J } . 

An operator Rj from A,- to L 2 (Xj,fij) is naturally extended on A 1 , " acting 
only on coordinate j " : 

V/ G A, Vx G II,. /!,. «;(/)(*) := )(•'•.;) • 

Proposition 2.1 Le£ (Xj, y i ) i /; 6e a sequence of probability spaces. Let 
(Aijizi be a collection of sets such that for every i, Ai is a linear subspace of 
L 2 (Xj,/ij) which contains the constant functions. Suppose that for every i in 
I , fii satisfies a logarithmic Sobolev inequality of the following form: 

VfeAt, Ent Mi (/ 2 )<E Mi (R^f) 2 ) , 

where Ri is a linear operator from Ai to L 2 (fii) with value zero on any con- 
stant function. Furthermore, suppose that the following commutation property 
holds: 

Vi, V/ G A 1 , J f d^j^ifij G Ai and Ri (J f d®^ fi^j = J Ri(f) d®^^ . 
Then, fi 1 = ®j e //ij satisfies the following modified Poincare inequality: 
V/ G A" Va V (/)log V3 ^ ( ^ 2 < (^(/) 2 ) > 

where A, is the following operator on L 2 (//): 

V/gLV), A i f = f-JfdpL t . 

Proof: To shorten the notations, we shall write /i instead of y 1 . 

First, suppose that / is finite, / = {1, . . . ,n}. The tensorisation property 



of the entropy (see or [171], Proposition 5.6 p. 98 for instance) states that 



for every positive measurable function g, 

n 

Ent^)< J] E^Ent^ (<?)). 

i=l 

Thus, the logarithmic Sobolev inequalities for each imply that: 

■n 

\/g G A\ Ent^ 2 ) < ^Te, (R^g) 2 ) . (2) 



i=i 
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Now, let / be a function in A n . Following Rossignol [21[, Falik and Samorod- 
nitsky we write / — E M (/) as a sum of martingale increments, and apply 
the logarithmic Sobolev inequality (j2J) to each increment: 

n n n 

^Ent^ 2 )<^^E4^) 2 ) , (3) 

j=l j=l i=l 

where 

n 

/-E M (/) = £V if 

and 

V} = / / f din®. . .®diij = / A 3 -/ djii®. . .®diij-i. 



The following inequality, which is a clever application of Jensen's inequality, 
is shown in Falik and Samorodnitsky [i| and is cleaner than the corresponding 
one in Rossignol [21] : 

f>t^)>Var M (/)log „y ar ff, a ■ 

Jensen's inequality implies that: 

± Ent„(l?) > Var,(/) log ^^j,. • (4) 

On the other hand, for every i, the term E M (Ri(g) 2 ) in (j2J) is called an 
"energy" for g, and we claim that the sum of the energies of the increments 
of / equals the energy of /: 

n 

Vie{l,...,n}, ^E^RiiVj) 2 ) =E,(R l (f) 2 ) . (5) 

3=1 

Indeed, since Ri is linear, using the commutation hypothesis, and the fact 
that Ri(f) is zero on any function / which is constant on coordinate i, we 
get: 

Vz < j, RiiVj) = , 

Ri{Vi) = / Ri{f) dfii ® . . . ® d/ii-i , 
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and 

Wi > j, Ri(Vj) = J Ri(f) dux ® . . . ® d/ij-i - J Ri(f) d/it <g> . . . <g> dfij . 
Therefore, 

n i— 1 

i=i j=i 

= E M (i^/) 2 ) . 

Now, claim © is proved and the result follows from (]!]) and ([H]), at least 
when I is finite. 

Now, suppose that I is strictly countable, let us say I = N, and let T n 
be the a-algebra generated by the first n coordinate functions in R N . Let 
/ G A N and /„ = E (f\J r n ) be the conditional expectation of / with respect 
to T n . Then, the commutation property tells us that f n belongs to A N , and 
Ri(fn) = E (i?j(/)|jF n ). Therefore, we can apply the first part of Proposition 
12.11 the one that we just proved: 

This may be written as: 

Var M N(/ B )log— < EV (E(^(/)|^n) 2 ) . 

Obviously, A«/ n = E (Ai(f)\J- n ). Therefore, Jensen's inequality implies: 

Var MW (/n) log < E V (W/)) 2 ) • 

Of course, / n converges to / in L 2 (/i N ), and we may let n tend to infinity in 
the last inequality to get the desired result. □ 



Remark 1 Actually, a logarithmic Sobolev inequality associated to a proba- 
bility measure \ii which is reversible with respect to an operator L may always 
be written in the form of Proposition l2J[ Indeed, such an inequality may be 
written as: 

V/a, Ent Mi (/ 2 )<cE Mi (-/L/) , 
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where c is a positive constant. Since L is a self-adjoint operator in L {ji 



it admits a spectral representation (see Yosida J21J p. 313). It is easy to show 
that its eigenvalues are non-n esative (see, for instance Bakry ® p.7). The 
spectral decomposition of — L may therefore be written as: 

poo 

— L = / A dE(X) , 
Jo 

and a suitable candidate for Ri may be deduced from it: 

POO 

Ri= VcX dE(X) . (6) 



Nevertheless, in the applications which follow, it is essential that the operator 
Ri is nice enough to allow the quantity Y^h=i RiifY t° be easily controlled, 
and the one given in (0|) may not be appropriate for this. Another candidate, 
which we shall see to be the right one for certain continuous probability mea- 
sures, is the square root of the "carre du champ" operator T 1,/2 (/, /), where: 

r(f,g) = ~(Lfg-fLg-gLf) . 

But in the discrete case, this is not the most natural choice. Therefore, we 
prefer not to try to generalize any longer, and rather give some examples. 

2. 1 . Examples 

Not surprisingly, we start to illustrate Proposition 12. II with the Bernoulli and 
Gaussian cases. Our choice to present them "mixed" might look a little weird 
at first sight, but this will prove to be useful in the percolation context (see 
section [Sj) . 

Example 1 The Bernoulli and Gaussian cases. 

We let 

P P = (1 -p)S +p5i 

be the Bernoulli measure with parameter p on {0, 1}. If p belongs to ]0, 1[, 
(3 P (see for instance Saloff-Coste 22] Theorem 2.2.8 p. 336, or [H) satisfies the 



following logarithmic Sobolev inequality: for any function / from {0, 1} to 

R, 

Ent /3p (/ 2 )<c i5 (p)E /3p ((A/) 2 ) 

where 

, . logo — log(l — p) 
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and 

Af = f-Jfd(3 p . 

If S is a countable set, for any s in S, let X s be a copy of {0, 1}, A s be the 
set of functions from X s to R, and R s be the operator A acting on A s . We 
denote also a product measure A^ on {0, l} 5 : A^ = /?® . 
Now we introduce the Gaussian setting. Let 

j(dy) = -=e~ y2/2 dy 

V 27T 



denote the standard Gaussian measure on R. A map / is said to be weakly 
differentiable provided there exists a locally integrable function denoted f'(x) 
such that 

f{x)g{x)dx = - / g'(x)f(x)dy 



for every smooth function g : R i— > R with compact support. The weighted 
Sobolev space H 2 (7) is defined to be the space of weakly differentiable func- 
tions / on R such that 

h = 11/111 +H/ , H2<°°- 



It is well known that 7 (see for instance Ledoux [18( Theorem 5.1 p. 92) 
satisfies the following logarithmic Sobolev inequality: for any function / in 

Ent 7 (/ 2 ) < 2E 7 ((/'(*)) 2 ) . 

For any % in N, let Xj be a copy of R, Ai a copy of Hf (7) and B4 the derivation 
operator on Ai. We let 7 N = 7* Xl denote the standard Gaussian measure on 
R N . 

The set A sm thus defined is the so called weighted Sobolev space H 2 (A^ ® 7 N ) . 
which contains the functions f E L 2 (A^ <S> 7 N ) verifying the following condi- 
tion. For all i e N, there exists a function /i, in L 2 (A^ ® 7 N ) such that 

-fy W /(«)*^ S (* (l „)* ( ,A!^o 



for every smooth function (7 : R 1— > R having compact support. The function 
hi is called the partial derivative of / with respect to y^ and is denoted by 

9/ 
dyi ' 

Thus, we deduce from Proposition 12.11 the following result. 
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Corollary 2.2 For any p e]0, 1[, and any f 6 Hf (A,? ® 7 N ), 

Var(/) log ^ vJSL, ^ * «*> 5 E ((A - /)2)+2 £ E ( (S 

Example 2 The gamma case (associated to the Laguerre genera- 
tor). 

We let 

denote the gamma probability measure with parameters a and b. This mea- 
sure is the invariant distribution of the Laguerre semi-group, with generator: 

K,bf(x) = bxf"(bx) - (a - bx)f{bx) . 

When a > 1/2 and b = 1, it can be easily seen that this generator satisfies 
the CD(p, oo) curvature inequality: 

r 2 (/) > ±r(/) . 

This implies that satisfies the following logarithmic Sobolev inequality 
(see Definition 3.1 p. 28 and Theorem 3.2 p. 29 in Bakry 0], see also [l|). For 
any weakly differentiable function / 6 L 2 {y a ^), if a > 1/2, 

Ent, a ,(/ 2 ) < ((v^/'(^)) 2 ) • 

Therefore, we deduce the following result from Proposition 12.11 

Corollary 2.3 Suppose that a > 1/2, b > 0, and let IR+ N be equipped with 
the product measure u^ b . For any weakly differentiable function f in L 2 (u^ b ), 
define 

df 

Vi/(rr) = Q^r( x )V^i ■ 

Suppose that, 

V* e N, e L 2 (z/ a N fe ) . 

Then, 

Var(/)log Va ^> <lyj E ((V,/) 2 ) . 

Remark that when a e]0, l/2[, f aj j still satisfies a logarithmic Sobolev in- 
equality with a positive constant C a ,b instead of 4/6, but the precise value 
of C a ,b is not known; see 2(| . This gives the analogue of Corollary 12.31 for 
a e]0, l/2[, with C af> instead of 4/6. 
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Example 3 The uniform case. 



We let 



X(dy) = l < y <idy 



denote the uniform probability measure on [0,1]. It is known that A satisfies 
the following logarithmic Sobolev inequality (it is a direct consequence of the 
logarithmic Sobolev inequality on the circle (8|). For any weakly differentiable 
function / in L 2 (X), 



Corollary 2.4 Let [0, 1] N be equipped with the product measure A N . Suppose 
that, 



We shall see in section [3] that A satisfies another logarithmic Sobolev in- 
equality with an energy whose form "looks like" the energy appearing in the 
gamma case. 

3. Extension from the Gaussian case to other measures 

As usual, we can deduce from Corollary 12.21 other inequalities by mean of 
change of variables. To make this precise, let Q be a measurable space and 
^ : M N i — ► f2 a measurable isomorphism (meaning that \& is one to one with 
\& and ^J^ 1 measurables) . Let \I/*7 N denote the image of 7 N by ^f. That is 



#* 7 N (A) = 7 N ($- 1 (A)). Forg: SxVl i-> E such that go(Id,V) E Hf(X^ N ), 



Ent A (/ 2 ) < - 2 E X ((/' (*)) 2 ) 




one obviously has 



Var xm * 7 ®(g) = Var x ®^(g o 



and 




dgoty 



where di^g is defined as 



d i)9 g(x,u) 



d(x o \l>) 

dyi 



(?,*->))■ 
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Hence inequality in Corollary 12.21 for / = g o [Id, ty) transfers to the same 
inequality for g provided J^- is replaced by di^g. 

Example 4 Let k > 2 be an integer, SS h ~ 1 C M. k the unit k — l dimensional 
sphere, SI = (R+ x SS^f, and let E = (R k ) N . A typical point in SI will be 
written as (p, 9) = (p l , 9 l ) and a typical point in E as y = (yi). Now consider 
the change of variables \l/ : E i— > Q given by $?(y) = (\& (yY) with 

^{y)=(\W\\\/- ] 



The image of (7 fe ) N = 7 N by ^ is the product measure 7 N where 7 is the 
probability measure on x S k ~ 1 defined by 

jfdtdv) = —e- t/2 t k/2 - l l t>0 dtdv 

Here = J °° e~ t / 2 t k / 2 ~ 1 dt, and <it> stands for the uniform probability mea- 
sure on SS k ~ l . For g : {0, l} 5 x Q ^ R with g o (Id, *) £ <8> 7 N ), 
let 



denote the partial gradient of g with respect to the variable (p l , 9 l ) where 
T d tS k ~ 1 C M. k stands for the tangent space of SS k ~ 1 at 0j. It is not hard to 
verify that for alH £ N and j £ {1, . . . , k}, 

d id ,*g(x,p,9) = 2pr(x,p,e)y/fi0 i j + -X=\y#g(x,pMi- ( 7 ) 

Op ' p l 

As a consequence, we may recover in this way Corollary 12. 31 when the param- 
eter a equals k/2 — 1, with k an integer. Indeed, this follows from (J7J) applied 
to the map (x,p,8) —> g{-£-)- Concentrating on the angular part instead of 
the radial one, we obtain the following modified Poincare inequality on the 
sphere. 

Corollary 3.1 (Uniform distribution on SS n ) Let dv n denote the nor- 
malized Riemannian probability measure on SS n C M n+1 . For g £ H\(dv n ) 
andi = l,...,n+l let Wig (9) denote thei th component of Vg (9) in M. n+1 (we 
see TeSS n as the vector space ofR n+1 consisting of vector that are orthogonal 
to 9 ). Then, for n > 2, 

Varto) log E 7 a g g||; < j^y £ E (( V, 9 ) 2 ) . (8) 
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Proof : follows from ([7]) applied to the map (x,p,9) — > g(9). Details are left 
to the reader. □ 



Example 5 If one wants to get a result similar to Corollary 12.21 with 7 re- 
placed by another probability measure v, one may of course perform the usual 
change of variables through inverse of repartition function. In the sequel, we 
denote by 

9(x) = ~7E=e~^ (9) 

V 27T 



the density of the normalized Gaussian distribution, and by 

G(x) = [ g(u) du (10) 



its repartition function. For any function <p from R to K, we shall note the 
function from IR N to 1R N such that (<j>(x))j = 4>(xj). 

Corollary 3.2 (Unidimensional change of variables) Let v be a proba- 
bility on M + absolutely continuous with respect to the Lebesgue measure, with 
density h and repartition function 



H{t) = [ h{u) du . 
Jo 



Let {0, 1} S x MP be equipped with the probability measure ®z/® N . Then, for 
every function f on {0, l} 5 x W 1 such that fo (Id, iHoG) e Hf (Aj ® 7 N ), 

Var (/) lo s v 11 a Jtrz v 11 a f „2 ^ c ^(p) E E (( A ^) 2 ) + 2 E E (( v ^) 2 ) 

I^seS W^sJ 111 ~+" Z^ieN ll^/lli s es ieN 

where for every integer i, 

df 

Vif(x,y) = il>(yi)a-(x,y) , 
oy% 

and ip is defined on I = {t > s.t. h(t) > 0}: 

goG-\H(t)) 



Vt e /, i/;(t) 



hit) 



Proof : It is a straightforward consequence of Corollary 12.21 applied to / o 
(Id,lP^G). □ 
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4. A general exponential concentration inequality 

In this section, we show how one can deduce from Proposition 12.11 an expo- 
nential concentration inequality for a function F of independent variables. 
We shall prove in section El in the context of First Passage Percolation, that 
this new general concentration inequality may in certain cases improve on the 



ones due to Talagrand [24|, |25|, |26], or Boucheron et al. [7|. The reason why 



we can get stronger results is that Proposition 12.11 is generally stronger than 



a simple Poincare inequality, and it is well known (see Ledoux |17J , Corollary 
3.2 p. 49 and Theorem 3.3 p. 50) that a Poincare inequality for a measure \i 
implies an exponential concentration inequality for any Lipschitz function of 
a random variable with distribution /i. This can be achieved through apply- 
ing the Poincare inequality to exp(9f), and then performing some recurrence. 
This last step is essentially contained in the following simple version, adapted 
to our case, of Corollary 3.2 p. 49 in (l7| . 

Lemma 4.1 Let f be a measurable real function on a probability space (X, X, fi), 
and K a positive constant. Suppose that for any real number 6 < -^j^, the 

function x t— > e e ^ x ^ is in L 1 ^), and: 



Then, 



and, 



Var(e ^ ) < K9 2 E(e ot ) 
Vt > 0, y. ( f - [ f dfx> tVK J < 4e" 



Vt > 0, (iff - j f d{i< -tVK^j < 4e~* . 

Now, we can state our general concentration inequality. For any function 
F on a product space (Xj, we define the following quantities, which 

play an important role in Theorem 14.21 (The notation is that of section EJ). 



W ii+ (x) = J [F(x~\ yi) — F(x)) + dM , 
where h + = sup{/i,0}. 

W + (x) = J2W h+ . 
Remark that similar quantities are involved in the work of Boucheron et al. 
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Theorem 4.2 Let (X$, Xi, {Aiji^i and (Ri)i^i be as in Proposition 

\2.1[ and satisfying all the hypotheses therein. Let F be a function in L 2 (IL; g /Xj) 
Define 

r = sup JE(W? + ), 
iel v 



8=y/E(Wl] 
Define, for every real number K > ers: 

K 



1{K) 



K 



rs 



Suppose that there exists a real number K > ers such that, for every 9 such 
that \9\ < 2 ^j^ > elF belongs to A 1 , and: 

^2E(Ri(e* F )) < K9 2 E(e 9F ) . (11) 

i&I 

Then, denoting \i = ®iei(H> f or every t > 0: 

n{F - E(F) > ty/l(K)) < 4e~* , 
fi(F - E(F) < -ty/l{K)) < 4e~' . 
Proof : For any function / in L 1 (IijgiXj), any % 6 I, x G ELi e jXj and y< G X.j, 

IIAi/Hj = J\J{f(x)-f(x- i ,y i ))d f , i (y i )\d f ,{x), 
< [ [ \fi x ) ~ fi x ~\Vi)\ d^{x)d^i(yi) , 

(f( x ) ~ f{ x '\Vi))+ dfi(x)dfii(yi) , 
if{x) ~ f{. x ~\Vi))- dfi(x)dfii(yi) , 





where h_ = sup{— h, 0}. On the other hand, 

\F{x-\ Vi ) _ e f F(x) j = e fF(x) ^ e |(F(x-*, W )--F(*)) _ 1 



< e ^[ 6 -(F(x-\y t )(x)-F(x)) 



m e lHx) (F(x-\ Vi ) - F{x)) + if 9 > , 
MeSfGO (i^ar*, - F(a;))_ if 6> < . 
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Therefore, 



M e i^) - , if 6> > 



+ -\ fel^ **) - F(x-\ yi )) + if < . 

Since and F(x~\yi) have the same distribution under // ® /i;, we get, 
for any real number 9, 







A ie - 







<|0| / / (F(aT\ W )-F(aO) + ^ F(x) dn(x) 

And, using Cauchy Schwarz inequality, 



OF 



< |eu/E(vy2) E ( e 9F) 



But we also have, again using Cauchy Schwarz inequality, 

< 



Therefore, 



Eh 



e\y/E(Wl + )E{ef>r) 
< 9 2 rsE (e eF ) . 



121 



Inequality (TI21) . the Poincare inequality for e 6 ^ (Proposition 12. ip and hypoth- 
esis (TTTTl imply that: 



V|0|< 



Var(e 2F ) log 



2^(K) 



Var(e^ F ) 

# 2 rsE (e eF ) 



<AT0 2 E(e flF ) . (13) 



Therefore, we are left in front of the following alternative: 
• either Var(e^) < 9 2 -^ K E(e eF ), 

into the logarithm of inequality (fT3"]) leads to: 

K 



or Var(e' 7 2 ) > 9 2 K K E(e 0F ). But in this case, plugging this minoration 



Var(e^) < 9 2 



log 



K 



E(e ef ) 



rs log ; 



In any case, for any \9\ < — ^=, 



Var(e^) < # 2 /(K)E(e e/ ) 
The result follows from Lemma [4.11 



□ 
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Remark 2 It is well known, through Herbst's argument (see e.g. fLUl] The- 
orem 5.3 p. 95), that condition ( TO]) implies a subexponential concentration 
inequality of the form: 



fx(\F - E(F)\ > 2tVK) < 2e- 1 . 

In the applications to follow, K/rs is big, and therefore l(K) is small com- 
pared to K . Therefore, at the price of trading the subgaussian behaviour 
against a subexponential one, Theo rem^. S\ shows that when Kj rs is big, the 
fluctuations of F are lower than ^Jl(K), which is small compared to \fK . 

Let us give a closer look at the case where for every i, /ij is the invariant 
measure of a diffusion process with carre du champ IV Naturally associated 
with this diffusion process, a Sobolev logarithmic inequality for ^ has the 
form (if it exists): 

Ent w (/ 2 ) Kc^UfJ)), 
where q is a positive constant. Furthermore, we have the following property: 

TiW),g) = #(f)W,g), 

which leads to: 



Therefore, condition f fTTj ) becomes: 

I < 



J2ari(F,F) \ <AKE(e eF ) . 
iei / 



The main work to satisfy condition ffTTj) is to bound from below, and some- 
what independently from ea F , the quantity Y2i<=i ^i(F, F). In some particular 
cases, and notably percolation, this quantity is upperbounded by F itself. 
And it is possible to show, following Boucheron et al. [zj], that, at least for 
small 9, E(Fe eF ) is upper bounded by a constant times E(F)E(e 6F ). More 
generally, one can state the following result. 

Corollary 4.3 Let (Xj, X i: J; {Aiji^i and be as in Proposition 

\2.1\ and satisfying all the hypotheses therein. Let F be a function in L 2 (IL; e /Xj). 
Define 

r = sup JE(W? + ), 
iei v 



E(W\) 
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Define, for every real number K > ers: 

K 



l(K) 



K 



rs log — 



Suppose that there exists two constants C and D such that, denoting: 

A cd = 4CE(F)+d(i + ^] , 



C 



we have 



(i) C < y/T(A^j, 

(ii) A CD ACE(F) + D(l + 1)> ers, 

(iii) for every 9 such that \9\ < — , 1 , e 9F belonqs to A 1 , and: 
v ' 1 y 1 1 - 2y/i(A CD )' 3 

J2 E(i2i(ef F )) < C9 2 E(Fe 9F ) + D9 2 E(e 9F ) . (14) 
Then, denoting n = for every t > 0: 



/i(F - E(F) > ty/l (A CD )) < 4e" 



H{F - E(F) < -ty/l (Ac D )) < 4e"* , 

Proof : The only thing to prove is that condition (TTTT) holds with K = 
4CE(F) + D{1 + ^). This will follow from condition (fT4j) and a variation 
on the theme of Herbst's argument due to Boucheron et al. [3]. Indeed, recall 
that using the tensorisation of entropy, the logarithmic Sobolev inequalities 
for each \X{ imply that: 

iel 

Let us apply this inequality to g = e^ F ', and use condition (fl4"]) . For every 9 
such that 101 < — , 1 , 

- 2 A /i(4CE(F)) 

Ent M (e eF ) < C9 2 E{Fe dF ) . 

This may be written as: 

9E(Fe 9F ) - E(e 9F ) logE(e 9F ) < C9 2 E(Fe 9F ) + D9 2 E(e 9F ) . (15) 
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First, suppose that 6 is positive. The proof of Theorem 5 in [?J shows that, 
for every 9 < ^, 

a a2 

JF 



logE(e w )<— — -E(F) + D-_ 



i-ec v ' l-ec 

and equation (|T5|) implies that, for every 9 < 4, 



E(Fe ) < A J E (e eF ) . 



If # is negative, e 6 ^ is decreasing in F, and it follows from Chebyshev's 
association inequality that (see e.g. p. 43): 



E(Fe eF ) < E(F)E(e dF ) 

Now, we gather the case where 9 is positive and the case where it is negative 

i 

2 V /«(4CE(F)) 



Condition (i) implies that ^ > A ^^ =, and therefore, for every 9 such 



that 101 < — ^ 



2 v /i(4CE(F)) 



J2 E (Ri(^ F )) < C9 2 E(Fe dF ) + D9 2 E(e eF " 

i<El 



< (aCE(F) +D(l + ?Xj 9 2 E(e eF ) , 

and the result follows from Theorem 14.21 □ 

The main lesson that we can remember from Corollary 14.21 is the following 
(very) informal statement. 

If F is a lipschitz function of a large number of variables, each of which 
contributes at most to an amount 5, then F has fluctuations of order 

0{JE(F)/log\), and there is an exponential control for these fluctuations. 



5. Application to First Passage Percolation 
5.1. Continuous edge-times distributions 

It turns out that Corollary 14.31 is particularly well suited to adapt the argu- 
ment of Benjamini, Kalai and Schramm 0] to show that the passage time 
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from the origin to a vertex v satisfies an exponential concentration inequal- 
ity at the rate 0(y / \v\J log \v\) when the edges have a T(a,b) distribution 
with a > 1/2. This includes the important case of exponential distribution, 
for which First Passage Percolation becomes equivalent to a version of Eden 



growth model (see for instance Kesten 15], p. 130). We do not want to restrict 



ourselves to those distributions. Nevertheless, due to the particular strategy 
that we adopt, we can only prove our result for some continuous edge times 
distributions which behave roughly like a gamma distribution. Please note 
that the definition given below differs (one assumption is removed) from the 
definition of a nearly gamma distribution that was stated in the preliminary 
paper jij. 

Definition 5.1 Let v be a probability on K + absolutely continuous with 
respect to the Lebesgue measure, with density h and repartition function 

H{t) = [ h{u) du . 
Jo 

Define: 

I = {t > such that h{t) > 0} , 



and if) : / i— > R the map: 



Kv) 



Let A be a positive real number. The probability measure v will be said to 
be nearly gamma provided it satisfies the following set of conditions: 

(i) / is an interval; 

(ii) h restricted to / is continuous; 

(iii) There exists a positive real number A such that 

\Jy G /, ip(y) < AJy- . 

If we want to emphasize the dependance on A in the above definition, we 
shall say that v is nearly gamma with bound A. In Definition 15.11 condition 
(iii) is of course the most tedious to check. A simple sufficient condition for 
a probability measure to be nearly gamma will be given in Lemma I5.3[ the 
proof of which relies on the following asymptotics for the Gaussian repartition 
function G. 

Lemma 5.2 As x tends to —oo, 

G{x)=g{x) ( ri +o(~ 



x\ \x 
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and as x tends to +oo ; 

G(x) = 1 - g(x) \ - + o 



X \x 



Consequently, 

JoG'^y) ~ yV -2 logy , 

and 

g o G-\y) v ~ (1 - y)y/-2\og{l-y) . 

Proof : A simple change of variable u = x — t in G gives: 

r+oo 2 
G(x) = g(x) / e- l - +xt dt , 
Jo 

Integrating by parts, we get: 



1 1 



+oo 



G(x) = g{x) [-- + -] te-^ +xt dt ) , 

g(x) ( rr + o ( - 

X \x 



as x goes to — oo. Since G(—x) = 1 — G(x), we get that, as x goes to +oo: 

G(x) = 1 - g(x) (- + 



X \x 



Let us turn to the asymptotic of goG 1 (y) as y tends to zero. Let x = G 1 (y), 
so that "y tends to zero" is equivalent to u x tends to — oo". One has therefore, 

G(x) = ^(1 + (1)), 



log = log g(x) - log |x| + o(l) , 

log |rc| +0(1) , 



x 2 



2 

x 2 



logG(x) = - T (l + o(l)), 
|x| = V-21ogG(x) . 



Since g(x) = |x|G(x)(l + o(l)), 

(?(x) = G(x)v/-21ogG(x)(l + o(l)) , 
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and therefore, 

g o G-\y) = yy /-2\ogy(l + o(l)) , 

as y tends to zero. The asymptotic of g o G^ 1 (y) as y tends to 1 is derived in 
the same way. □ 

Given two functions r and I, we write l(x) = Q(r(x)) as x goes to x* provided 
there exist positive constants G\ < C 2 such that 

d < liminf r -}r\ < limsup ^ < C 2 . 

x-*x* l(x) x-*x* 1[X) 

Lemma 5.3 Assume that condition (i) and (ii) of Definition 15. 1\ hold. Let 
< v_ < V < oo denote the endpoints of I. Assume furthermore condition 
(Hi) is replaced by conditions (iv) and (v) below. 

(iv) There exists a > — 1 such that as x goes to u, 

h{x) =e{{x-v) a ) , 

(v) 77 < oo and there exists (3 > — 1 such that as x goes to V, 

h(x) = 6 {(V-xf) , 

or V = oo and 

POO 

3A > u, Vt > A, dh{t) < i h{u) du < C 2 h(t) , 



where C\ and C 2 are positive constants. 
Then, v is nearly gamma. 

Proof : Since h is a continuous function on \v_, u[, it attains its minimum on 
every compact set included in ]v, V[. The minimum of h on [a, b] is therefore 
strictly positive as soon as y_ < a < b < V. In order to show that condition 
(Hi) holds, we thus have to concentrate on the behaviour of the function ip 
near v_ and V. Condition (iv) implies that, as x goes to v, 

H(x) = 6 ((x-u) a+1 ) . (16) 



This, via Lemma 15.21 leads to 

i/)(x) = 6 ((x - e)V- log(x - E)) , (17) 
as x goes to z/. Similarly, if V < oo, condition (v) implies that, as x goes to 

H(x) = Q((V-x) (3+1 ) , (18) 



M. Benaim, R. Rossignol/ Modified Poincare inequalities & FPP 



23 



which leads via Lemma [fL2J to 



${x) = 9 (F - x) v 7 - log(!7 - x)) , (19) 



as x goes to v. Therefore, if v < oo, condition (Hi) holds. 
Now, suppose that V = oo. Condition (v) implies: 

Vt > A, 1/C 2 < 5w x du < 1/d . 

Integrating this inequality between A and y leads to the existence of three 
positive constants B, C[ and C' 2 such that: 

> B, C[y < log - - 1 < C'2y . 

Thus, 

Vy > B, C 1V ^ < J,(y) < C 2 ^C^ . (20) 

This, combined with equation (ITTj) proves that condition (m) holds and con- 
cludes the proof of Lemma 15.31 □ 



Remark 3 With the help of Lemma [5731 it is easy to check that most usual 
distributions are nearly gamma. This includes all gamma and beta distri- 
butions, as well as any probability measure whose density is bounded away 
from on its support, and notably the uniform distribution on [a, b], with 
< a < b. Nevertheless, remark that some distributions which have a sub- 
exponential upper tail may not satisfy the assumptions of Lemma 15.31 and 
be nearly gamma, though. For example, this is the case of the distribution 
of \N\, where iV is a standard Gaussian random variable. 

Now, we can state the main result of this article. 

Theorem 5.4 Let u be a nearly gamma probability measure with an expo- 
nential moment, i.e we suppose that there exists S > such that: 

e 5x dv(x) < oo . 

Let \i denote the measure v® E . Then, there exist two positive constants C% 
and C2 such that, for any \v\ > 2, and any positive real number t < \v\, 



-c 2 t 



H |4(0, v) - / d x (0,v) dfi(x)\ > *Wr- L TT < Ci e 
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Proof : What we present here borrows many ideas from Kesten 16j and 



of course Benjamini et al. 0. We would like to apply Corollary 14.31 to the 

function e 6 ^", for 9 < v/^p'- I* 1 f ac t; we wm be able to use Corollary 14.31 
but not exactly for f v , and not exactly for any nearly gamma distribution. 
The first step is indeed to work with a version of v with bounded support. 
Precisely, we shall use the following lemma which is an easy adaptation of 
Kesten's Lemma 1, p. 309 in (l6| . 

Lemma 5.5 Let v be a nearly gamma distribution with bound A. Suppose 
that v admits an exponential moment, i. e there exists 5 > such that: 

e 5x dv{x) < oo . 

Then there exists a sequence of probability measures (vk)k>2, positive con- 
stants C 3 , C 4 , C 5 and a positive integer k u with the following properties: 

(i) For every k, the support of Uk is included in [0, C^logk], 

(ii) If k > k v , Uk is a nearly gamma distribution with bound A. 

(iii) If k = \v\ and k>2, for every t greater than 2CV ' ' 




M 

u[\d x (0,v)-E v (d x (0,v))\>t* 



< 3e-° M + C 4 e-^J^ + v I \d x (0,v) -E o (d x (0,v))\ > 1 



(iv) If k >2, ^ is stochastically smaller than Vk+i an d v - 




Proof : Kesten's argument in [lg] is simply to consider the truncated edge 
times at C 5 log|t>|. We cannot use this directly because we have to deal 
with continuous distribution. Instead, we can repatriate the mass beyond 
2C5 log \v I, and spread it continuously over [C5 log \ v\, 2C$ log \v\}. This mass 
is small, of course. Precisely, thanks to the exponential moment assumption, 
for every positive number c, 

z/([clogM,+oo[) < J r Sx ' ' x 1 



dv{x) 



\v 



Sc 



Let u be a continuous density on the real line with support included in [0, 1] 
and C 5 a positive constant to be fixed later. We define v k to be the continuous 
distribution on the real line with density: 

v cBfcM ( h( n , f x-C,\ogk \ K[2C 5 logfc,+oo[) ^ 
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Statements (i) and (iv) are obvious. To see that (ii) holds, let H k be the 
repartition function of v k . Obviously, 

Vx < C5 log |t>|, hk(x) = h(x) , 
Vx < 2Cs\og\v\, hk(x) > h(x) , 
Vx > C 5 c log \v\, h k (x) = 0, 



and therefore, 



Vx<C 5 logM, H k (x) = H{x) 
Vx G R, H k (x) > H(x) 
Wx > 2C 5 log|w|, H k (x) = 1 . 



Observe now that g o G 1 is decreasing on [1/2, 1], and that 

Vx > C 5 \ogk, H k (x) > H(x) > 1 - [ e 5x dv(x)-^- . 

J k°° 5 



Therefore, let k v 



(2 / e 5x dv{x)) sc * 



Vfc > k u , Vx < 2C 5 log k, 9 ° G , 1( ; Hk ^ < M X ) . 

h k (x) 

This implies that the distributions {v k ) k > kl/ are all nearly gamma with the 
same bound A. 

It remains to prove (iv). We define the following coupling 7T k of (u, v k \. 
g(x,y) d7r k (x,y) = / g{x,H k 1 {H{x))) dv(x) . 



Denote by 7 = 7(x) the (vf E a.s unique) x-geodesic from to v. The following 
inequalities hold for ^-almost every (x, x). 

< d x (0,v) - dx(0,v) < x e - x e , 

< ^X e l Xe >C 5 logk • 

Now, if k — \v\, we choose to take C5 = ^, and the end of the proof follows 
exactly Kesten's Lemma 1 p. 309 in [l6[. □ 
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Now, we suppose that k = \v\ > k v and we shall work with v/~, whose 
support is included in [0, 2C5 log |u|]. Let us define /i^ = v® E . In the whole 
proof, Y shall denote a random variable with distribution v. Remark that, 
thanks to part (iv) of Lemma [5.51 

e-^)</e- d , W = E (e-), 
and, for any positive real number a, 

x a du k (x) < [ x a du(x) = E(Y a ) . 



A crucial idea in the work of Benjamini Kalai and Schramm is to work with 
a randomised version of /„ in order to take a full benefit of Corollary 13.21 
This randomisation trick relies on the following lemma: 

Lemma 5.6 There exists a constant c > 0, such that, for every m £ N* ; 
there exists a function g m from {0, l} m to {0, . . . , m} such that: 

max X(x s.t. g m (x) =?/)< — , 
ye{o,...,m] m 

and 

Vg£{l,...,m 2 },V^ m £ {0,1} , 

where 

V q g{x) = g(xi, x q -i, 1, x q+1 , . . . , x m2 ) - g(xt, 0, x q+1 , . . . , x m2 ) . 

Since Benjamini et al. do not give a full proof for this lemma, we offer the 
following one. 

Proof : From Stirling's Formula, 

m 2 \ m 1 

and this implies that the following supremum is finite: 

m 2 \ in 



Cl = SUP i 2 U- 2 /2jJ-2^ S - t - mGN * 

Notice also that c\ > 1. Now, let ^ denote the alphabetical order {0, 1}' 
and let us list the elements in {0, l} m as follows: 

(0, 0, . . . , 0) = Xi ^ X! ^ . . . ^ x 2m 2 = (1,1, ... ,1) . 



1 
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For any m in N*, we define the following integer: 



k(m) 



m 



and the following function on {0, l}™ 2 : 

V*G {!,..., 2 m2 }, g m { Xi 



k(m) 



Remark that g m (x 2m 2) < m/c% < 1. Therefore, g is a function from {0, l}™ 2 
to {0, . . . m}. Now, suppose that Xi and x\ differ from exactly one coordinate. 
Then, 



< 2 

< c r 



m \ I m 



m 
[m 2 /2\ 



m 

< k(m) . 



Consequently, 



k(m) 





I 




k(m) 



which implies that V q g m G {0, 1}. Finally, for any y G {0, . . . m}, g takes the 
value y at most k(m) times, and 

k(m) 



X(x s.t. g m (x) =y) < 



Ci 1 

< — + 



< 



m 2 m 
2d 



m 



So the lemma holds with c = 1c\. 



□ 



Now, we define our randomised version of f v as follows. Let m be a positive 
integer, to be fixed later, and S — {1, . . . , d} x {1, . . . , m 2 }. Let c > and 
g m be as in LemmaE!AsinB,for any a — {<ii,j){i,j)es G {0, l} 5 , let 



z = z(a) = ^2g r , 



i=l 
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where (ei, . . . , ed) denotes the standard basis of Z d . We now equip the space 
{0, lj^xIR^ with the probability measure A®/Xfc, where A := Af is the uniform 

2 

measure on {0, l} 5 , and we define the following function / on {0, l} 5 x R^: 

V(a, x) e {0, 1} S x Rj, /(a, x) = d x (z(a),v + z(a)) . 

When m is not too big, / and / are not too far apart. 
Lemma 5.7 For any positive real number t, 

>t) < A®MI/-E(/)| >t/2) + e~^E(e SY ) . 

Proof : Let a(a) be a path from to z(a), such that |a(a)| = |z(a)| (here, 
| a; | is the number of edges in a). Let (3(a) denote a path disjoint from a(a), 
which goes from v to v + z(a). Then, 

\f(a,x) - f(x)\ < 4(0, z(a)) + d x (v,v + z(a)) , 

ega(a) eG/3(a) 

which is stochastically dominated by a sum of 2m independent variables 
Yi, . . . , >2 m with distribution z/. Remark that, due to the translation invari- 
ance of the distribution of / under /i k , f and / have the same mean against 
A <S> l^k- Thus, using \z\ < m, we have: 

Ml/ - E(/)| > t) < A ® Ml/ - E(/)| > t/2) + A (8) Ml/ " /I > */2) • 
Now, by Markov's inequality, we get that for any positive real number t, 

A®MI/-/l>*/2) < 

< 
< 



2m 



,i=i 



l Om ^ Am / ' 



g 4m 



g 4m 



im E ( e 2m ) 



2m 



E (e^) 



This concludes the proof of this lemma. 



□ 
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It remains to bound A <8> //&(!/ — > t). To this end, we will use an 

adaptation of Corollary 14.31 applied to F = f. Denote, for any s in S and 
any e in E, 

W St+ = [ (F(x- S ,y s )-F(x)) + d(3 l/2 (y s ), 



and 



and 



W s , + = W s , + , 
ses 

W ei+ = J (F(x- e ,y e )-F(x)) + dv k {y e 



Applying Corollary 13.21 with p = 1/2 (note that c^s (1/2) = 2), we can get 
the following minor adaptation of Corollary 14.31 The notations are those of 
Corollary 13.21 and Definition 15.11 

Proposition 5.8 Let u be a probability on M + absolutely continuous with 
respect to the Lebesgue measure, with density h and repartition function 

ft 



H(t) = [ h(u) du . 
Jo 



Let {0, 1} S x M. n be equipped with the probability measure A^ ® v® n . Let F be 
a function from {0, 1} S x R n to K.. Define 



r s = sup JE(W? 



s s = (Wl + ) 



e&E 



and 

K E s = rss s + r E s E ■ 
Define, for every real number K > cKes'- 



log 



K 



Suppose that there exists three positive real numbers C, D and Aqd such that: 
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(i) c < v/p^y, 

(ii) A CD > sup{eK ES ACE(F)+D(l + g)}, 

(iii) for every 9 such that \9\ < . 1 e eF o(Id, H' 1 o G) G (\ s v <g> 7 N ) 



and.- 

2 



£|A s (e^) 2 <^ 2 E(e eF ), (21) 
and: 

|| V e ( efF ) 2 ^ C9 2 E(Fe eF ) , (22) 



eS-E 

where for every e in E, 

df 

Vef(x,y) =ij(y e )-7^-{x,y) , 
and ip is defined on I = {t > s.t. h{t) > 0}: 

V* T MA 9QG-\H(t)) 
Wt J ' ^ = h{t) 

Then, denoting /i — Xs <S> 1 E , for every t > 0: 



H{F - E(F) > ty/l(A CD )) < 4e~* , 



H(F - E(F) < -ty/l(A CD )) < 4e-* . 

First, we need to prove that e 9 f o (Id, if -1 o G) belongs to H\ (A <g> 7 N ) when 
z/ is nearly gamma. This is the aim of the following Lemma. 

Lemma 5.9 Ifv is nearly gamma, and has bounded support, for any positive 

number 9, the function e 9 ^ v o H^ 1 o G belongs to H\ (7 N ), e 9 ? o (Id, H^ 1 o G) 
belongs to Hf (A®7 N ). Furthermore, conditionally to z, there is almost surely 
only one x-geodesic from z to z + v, denoted by ^ x {.z), and: 

9 f( \ f 

— (a,X) = l e & lx (z(a)) ■ 



Proof: The fact that e 9fv oH- 1 o G and e 9f o (Id, H~ l o G) are in L? is obvious 

since v has bounded support. We shall prove that e 9fv o H^ 1 o G satisfies the 
integration by part formula (a) of the definition of Hf . The similar result for 
e 9 ? is obtained in the same way. Now, we fix x~ e in (M+^^AM. We denote 
by g e the function defined on M + by: 

g(y) = fv{x~ e ,y) ■ 
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We will show that there is a nonnegative real number y^ such that: 

Vy < Voo, g(y) = g(o) + y 

and (23) 

Vy > yoo, g(y) = g{yoo) 

For any n > \v\, let us denote by r„ the set of paths from to v whose 
number of edges is not greater than n. We have: 

g(y) = inf g n (y) , 

n>\v\ 

where 

g n {y) = inf V(x" e ,t/) e / . 

The functions g n form a nonincreasing sequence of nondecreasing functions: 

Vn > H, G M + , Vy' > y, # n+ i(y) < y n (y) < y„(y') . 
In particular, this implies that for every y in R + , 

g(y) = lim y„(y) . 

Now, we claim that, for every n > \v\ + 3, there exists y n G M + such that: 

Vy < y„, y n (y) = 0n(O) + y 

and (24) 
Vy > y n , y„(y) = g n (y n ) 

and furthermore, 

the sequence (y n )n>\v\+3 is nonincreasing. (25) 

Indeed, since T n is a finite set, the infimum in the definition of g n is attained. 
Let us call a path which attains this infimum an (n, y)-geodesic and let 
f(n, y,e) be the set of (n, y)-geodesics which contain the edge e. Remark 
that as soon as n > |f | + 3, there exists a real number A such that e does not 
belong to any (n, A)-geodesic: it is enough to take A greater than the sum of 
the length of three edges forming a path between the end-points of the edge 
e. Therefore, the following supremum is finite: 

y n = sup{y G R + s.t. f(n, y, e) ^ 0} . 

Now, if e belongs to an (n, y)-geodesic 7, for any y' < y, 7 is an (n, y')- 
geodesic to which e belongs, and g„(y) — g n (y') = y ~ y' ■ If r(ri, e) is 
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empty, then for any y' > y, e does not belong to any (n, y')-geodesic, and 
9n{y) = g n (y')- This proves that: 

Vy < y n , g n (y) = g n (P) +y , 
Vy,y' > y n , g n (y) = g n (y') ■ 



Since g n is continuous, we have proved claim (124j) . Now remark that if e does 
not belong to any (n, y)-geodesic, then e does not belong to any (n + 1, y)- 
geodesic, since Y n C T n+1 . Therefore, y n +i < y n , and this proves claim 
Since (y n )n>^|+3 is nonnegative, it converges to a nonnegative number as 
n tends to infinity. Now, let n be a integer greater than |u| +3: 

Vn > N, Vy,y' > y n , g n (y) = g n (y') ■ 

Since y n <y N , 

Vn > N, Vy,y' > y N , g n {y) = g n (y') . 
Letting n tend to infinity in the last equation, we get: 

VW > \v\ + 3, Vy, y > y N , g(y) = g(y') . 

Therefore, 

Vy,y' > yoo, y(y) = g{y') ■ 

On the other side, 

\/n > \v\ + 3, My < y n , g n (y) = g n (0) + y . 

Since y n >yoo, 

Vn > \v\ + 3, Vy < y^, g n (y) = g n (0) + y . 
Letting n tend to infinity in the last expression, we get: 

Vy < yoo, g(y) = g(0) + y. 

Finally, g is continuous. Indeed, the convergent sequence (g n ) is uniformly 
equicontinuous, since all these functions are 1-Lipschitz, and the continuity 
of g follows from Arzela-Ascoli Theorem. We have proved claim ( |23jl . Remark 
that yoo = yoo(x~ e ) depends on x~ e . We define, for any x~ e , 



1 if x e < yoo(x e ) 
if x e > yoo{x~ e ) 
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It is easy to see that, for any smooth function F : K — > K having compact 
support, for any x~ 



-e 

> 



/ F'(x e )e e/ " (x e ' Xe) cfe e = / F(x e )/i e (x- e ,x e )e e/ " (x e ' Xe) dx e . (26) 

Jk 



It is known that there is almost surely a geodesic from to v (see [12] for 
instance), i.e the infimum in the definition of f v is attained with probability 
1. Furthermore, in this setting, where the distribution of the lengths is con- 
tinuous, there is almost surely only one unique x-geodesic from to v. For 
any x, we shall denote by 7 X (0) the unique x-geodesics from to + v. Then, 
with //-probability 1, one can see from the definitions of y n and that: 

h e (x~ e ,x e ) = l ee7a; (o) • (27) 

Performing the change of variable x i— > H^ 1 o G in equation ( 126|) . one gets 

the integration by parts formula (a) for e e ^ v o H^ 1 o G, with the following 
partial derivative with respect to x e : 

x i-> 6iP(x e )h e (lF^G(x))e 9f " . 

The expression of J^-(a,x) is derived in the same way than (12711 . □ 



Now, we want to apply Proposition 15.81 to F = f. 

2 



Bound on 



Here, we can perform a quite rough upper bound, since there are not many 
elements in S. For any a £ {0, l} 5 , and any g in 5, denote by r q a the element 
of {0, 1} obtained from a by flipping the coordinate q. Then, for any function 
Son{0,l} 5 , 



< 



< 



* |ef^-e^ a )| P A(a) , 

ae{0,l} s 

i £ e^(l-e^^-^») P A(a) 



a: 6g(a)>9g(T q a) 

w 



2 p+i 



^ fi #)^)-j( ¥ )pA(fl) 



a: 6g(a)>6g(T q a) 



\9\P 
2P+ 



a6{0,l} S 



O l-f \ \r> 
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According to Lemma 15.61 for any q G {0, l} m , V q g m G {0, 1}. Therefore, for 
any s = (i, q) G S, 



\A s f \ < - (X( Z)Z+ei ) + X( 2 : + , ;] 2 +t , +ei )) . 



Therefore we get the following bounds: 



< e 2 Clm(\og \v\) 2 E(e ef ) 



ses 



(2f 



Bound on 



Bound on ss 



r s < 2y/E(Y* 



rs < 2m 



(29) 



(30) 



Bound on J2 eeE V e (e2 F 

Let A be as in Definition 15.1 
Lemma 15.51) , 



Since Uk is nearly gamma with bound A (see 



Bound on s# Remark that: 

and 7a; (2) is independent from y e . Therefore, 

< W e .+ < E(Y) l e ^ x{z) , 

which leads to: 



(31) 



0<W E ,+ <E{Y)\ lx (z)\ , 



and: 



s E <E(Y)^E(\ lx (z)\ 2 ) . 

Now, following Kesten p. 308, we claim that there exists some constant 
Cq, depending only on v (and not on k) such that: 



E„ k (\ lx (z)\ 2 ) < C 6 \v\ 



(32) 
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Indeed, for any a > and y > 0, 



^*(|7*(0)I > v\v\) < Vk(fv > ay\v\) 

+Hk(3 a self-avoiding path r starting at of at least 

y\v\ steps but with ^^£ e < ay\v\) . 



Proposition 5.8 of Kesten [15J shows that for a suitable a > 0, the second 
term in the right-hand side of the above inequality is at most Ce~ c ' y ^ for 
some constants C and C. Further more, a, C and C do not depend on k: it 
suffices to choose them for v^, and the same constants work for any k >k v 
(see part (iv) of Lemma 15.51 and the remark of Kesten 16J p. 309). On the 
other hand, f v is dominated by the sum of \v\ independent variables with 
distribution u, X\, . . . , X\ v \. Thus, 

E(| 7 ,(*)| a ) = E(\ lx (z)f) , 



//(| Ta: (0)| 2 >|/| W | 2 ) dy 



< 



< C«\v 




> ay\v\ 2 + \v\ 2 C 



~ c '^ dy , 



+ 2C 



te 



-c't 



dt 



This proves claim (1321). Therefore. 

s E < y/C&(Y)\v\ . 

Bound on r# 

From inequality (I3"T|) . we get: 



r B <E(y) 4 /supP(ee7x(^)) 
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Now, we use the fact that for any fixed z, \x is invariant under translation by 



z. 



F(ee lx (z)) = E A (E M ( I e -*er„(o))) 

= eJ e ^ ( u-z 

\e'e 7 x(0) 
\e'67^(0) 

< supP(^ = ^o)E At (|7x(0)nQ e |) , 

< supP(2; = z )E / , (| 7a; (0) nfi e |) , 

20 

where Q e = {ef G E (Z d ) s.t. F(z = e - e') > 0} C B e = e + B{0, dm). Using 
Lemma 15.61 

supP(z = 2 ) < (—) . 
2 \mJ 

Now, we claim that 

E Mfc (| 7:c (0) nB e \)<C 7 m d -\ (33) 
We proceed as we did to obtain ( |32|) . Indeed, for any a > and y > 0, 

A*fe (It*(°) n Be\ > ym) < Hk\ ^2 x e'> a y\ v \ 

\e'€-y x (0)nB e 

+ /ifc(3 a self-avoiding path r starting at 

wedBe 

w of at least ym steps but with x e < aym) . 

eSr 

We use again the constants a, C and C arising from Proposition 5.8 of Kesten 
(l5| . and which depend on is, but not on k. Remark that there are at most 
(<im) d_1 vertices in dB e . On the other hand, let r be a deterministic path 
going through every vertex of the surface of the ball B e , and such that there 
is a constant C" (depending only on d) such that |r| < C"m d ~ l . From the 
definition of a geodesic, we get: 



fv ^ ^ %e 

e'£r 
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Thus, 

poo 

E(| 7a> (0)nB B |) = ml n k (\i x (0)nB e \>ym) dy , 

Jo 

POO 

~ c ' ym dy 



< ml {j,k ( ^^^ e > aym J + m{dm) d 1 / 



te~ c '* (it 



< C 7 m 



d-1 



This proves claim flHoj) . Therefore 



r s < (34) 

End of the proof 

Now, we choose m = |~ 1 7^ 1 1 / 4 ~| . Define C = A, D = Cfm(log |t> |) 2 . The 
bounds obtained before lead to: 



K ES = 0(\v\z) , 

and: 

ACE(F)+D^l + ^j=0(\v\). 

So we can choose Acd = C^M) with C4 a positive constant, such that (ii) 
of Proposition 15.81 applied to F = f is satisfied. It is clear that, for |u| large 
enough, conditions (i) and (iii) are also satisfied. Remark also that: 



l(A CD ) = O 

Therefore, there exists a constant C 12 such that for every t > 0: 





V 




log 1 


v\ 



/</, 1 /-E(/) >t\l^-h 1 < l^ r '" • (3.-)) 

and: 





V 




log 1 


v 1 









log 1 





/i fc / - E(/) <-U -U- < 4e~ Cl2t . (36) 
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Lemmas 15.71 and 15.51 conclude the proof of Theorem 15.41 □ 

Remark 4 Inequalities (E3J) ; |2SP and Lemma \5. 7| imply, after integration, 
that the variance of f v is of order 0(\v\/ log \v\). Of course, we do not need 
the assumption that v has a bounded support to obtain such a result. Instead, 
we just need v to have a second moment. The proof mimics and the ideas 
presented here. Details may be found in JJi], which is a preliminary version 
of the present paper. 

5.2. Bernoulli distributions 

The method developped in subsection 15.11 applies also to the case where the 
edge-times are distributed according to a Bernoulli law u — (1 — p)5 a + pSb, 
and a is strictly positive. The proof follows exactly the same pattern as the 
proof of the nearly gamma case, except that: 

1. one does not need Lemma [531 since v has bounded support, 

2. the geodesic is not almost surely unique anymore, 



3. the energy 

E eeE E ( R e ( e **)j is different. 



Point 1 is just good news. Point 2 is not a problem: the bounds on Se, s$, 
rE and r$ remain valid if we choose for r y x {z) one geodesic among all the 
possible ones. So we shall only show how to circumvent point 3, i.e how one 



can bound Yle&E^ ( e *^) j > where 



Re(f) = VCLs(p)*ef ■ 



First, imitating the proof of Theorem 14.21 we write: 



e<=E 



where: 



Now, 



(r £ (e^) 2 ] < c LS (p)jE (v E , + e 



V E ,+ = f (/*~ e , Ife) - /»)+ dv{y e 



Of 



e&E 



Ve,+ < 

e£E 

\2 



= (6-o) J | 7 «(z)|i 
< 
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Therefore, 



£ E (ft (ef/) 2 ) < c LS ( P fj { ±-^E (fe'f) . (37) 



The bound ( 1371) allows us to obtain the following equivalent of Theorem 15.41 
in the case of Bernoulli distributions. 

Proposition 5.10 Let a and b be two real numbers such that < a < b. 
We define v = (1 — p)5 a + p5 p and fi = v® E . Then, there exist two positive 
constants C\ and C2 such that, for any \v\ > 2, and any positive real number 
t, 



fi \d x (0,v) - / d x (0,v) dfi{x)\ > tJ-^- \ < C ie - C2t 




Remark 5 When a = 0, the previous argument does not work, and it is hard 
to compare Ve,+ to f itself. Although the quantity V# )+ may be controlled 
when 1 — p < p c (Z d ) via Kesten's work (see Proposition 5.8 in fTa]). we do 
not know how to adapt the entire proof to this case. 
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